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PULL-BACK COMPONENTS OF THE SPACE OF FOLIATIONS
OF CODIMENSION ≥ 2
W. COSTA E SILVA AND A. LINS NETO
Abstract. We present a new list of irreducible components for the space of k-
dimensional holomorphic foliations on Pn, n ≥ 3, k ≥ 2. They are associated to
pull-back of dimension one foliations on Pn−k+1 by non-linear rational maps.
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1. Introduction
A codimension q singular holomorphic foliation F on a complex manifold M ,
dimCM ≥ q + 1, can be defined locally by the following data:
(1) a covering U = (Uα)α∈A of M by open sets.
(2) a collection (ηα)α∈A of q-forms, ηα ∈ Ω
q
Uα
, having the following properties:
(a) Local decomposability: Given p ∈ Uα such that ηα(p) 6= 0 there exist
a neighborhood U of p, U ⊂ Uα, and holomorphic 1-forms ω1, · · · , ωq
such that ηα|U = ω1 ∧ · · · ∧ ωq;
(b) The decomposition of ηα satisfy the Frobenius integrability condition
dωi ∧ ηα = 0 for every i = 1, . . . , q.
(3) a multiplicative cocycle G := (gαβ)Uα∩Uβ 6=0 such that ηα = gαβηβ .
When dimCM = n we say also that the foliation is (n− q)-dimensional.
The line bundle induced by the cocycle G is denoted byNF and called the normal
bundle of F . The family (ηα)α∈A, defines a global section η ∈ H0(M,Ω
q
M ⊗ NF).
The analytic subset, Sing(F) :=
⋃
α{p ∈ M |ηα(p) = 0} is the singular set of F .
We can always assume that Sing(F) has codimension greater or equal than two.
If M = Pn, the n-dimensional complex projective space, then a codimension
q singular foliation F is given by a global section of H0(Pn,Ωq
Pn
⊗ OPn(Θ + q +
1)), where Θ (called the degree of F) is the degree of the divisor of tangencies of
the foliation with a generic P q linearly embedded in Pn. On the other hand, a
global section of H0(Pn,Ωq
Pn
⊗OPn(Θ+ q+1)) can be represented, in homogeneous
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coordinates, by a polynomial q-form η on Cn+1 with homogeneous coefficients of
degree Θ + 1 and satisfying iRη = 0, where R =
∑n
i=0 zi
∂
∂zi
is the radial vector
field. In fact, the q-form η defines the foliation Π∗(F), where Π : Cn+1\{0} → Pn
is the canonical projection. For more details see [14] and [15].
The projectivisation of the set of integrable q-forms as above, defining in homo-
geneous coordinates k-dimensional foliations on Pn of degree Θ, will be denoted by
Fol(Θ; k, n). Due to the integrability condition, Fol(Θ; k, n) is a quasi projective
algebraic subset of PH0(Pn,Ωq
Pn
⊗ OPn(Θ + n − k + 1)). A natural question that
arises is the following:
Problem: Identify and classify the irreducible components of
Fol (Θ; k, n) on Pn, such that Θ ≥ 0 and n ≥ k + 1.
The classification of the irreducible components of Fol (0; k, n) was given in [3,
Th. 3.8 p. 46] (a k-dimensional foliation of degree zero on Pn is a rational fibration
defined by a linear projection from Pn to Pn−k). The classification of the irreducible
components of Fol (1; k, n), which require more details to be explained here, was
given in [18, Th. 6.2 and Cor. 6.3 p. 935-936]. The situation for Θ ≥ 2 remains
wide open, unless in the case of codimension one and degree Θ = 2 (see[5]).
Usually, the space of codimension one foliations on Pn of degree k is denoted by
Fol (k, n). The study of irreducible components of these spaces has been initiated
by Jouanolou in [14], where the irreducible components of Fol (k, n) for k = 0 and
k = 1 are described. The case of degree two was studied in the paper [5], where
the authors proved that Fol (2, n) has six irreducible components, which can be
described by geometric and dynamic properties of a generic element. In the general
case, degree ≥ 3, one can exhibit some kind of list of irreducible components in
every degree, but it is not known if this list is complete.
When we study the components of the space Fol (k, n) , n ≥ 3 we perceive that
there are families of irreducible components in which the typical element is a pull-
back of a foliation on P2 by a rational map. More precisely, the situation is as
follows: given a generic rational map f : Pn− → P2 of degree ν ≥ 1, and a degree d
foliation G of P2, then it can be associated to the pair (f,G) the pull-back foliation
f∗G on Pn. If f and G are generic then the degree of f∗G is ν(d+2)− 2, as proved
in [6]. Denote by PB(d, ν, n) the closure in Fol (ν(d+ 2)− 2, n), n ≥ 3 of the set
of foliations f∗G as above. The main result of [6] is the following:
Theorem 1.1. [6] The set PB(d, ν, n) is a unirational irreducible component of
Fol (ν(d+ 2)− 2, n) for all n ≥ 3, ν ≥ 1 and d ≥ 2.
The case ν = 1, of linear pull-backs, was proven in [2], whereas the case ν > 1,
of nonlinear pull-backs, was proved in [6]. In the paper [9] the authors were able
to prove the existence of irreducible components of linear pull-back foliations in
arbitrary codimension. This was obtained by using the technics of stability of the
tangent sheaf of the foliation. Linear Pull-back foliations have tangent sheaf which
is locally free and therefore are stable. On the other hand, irreducible components
of the space of foliations where a typical element is a non linear pull-back was
known only for the codimension one situation. The main purpose of this work is to
show that at least in some cases there exist non linear pull-back type components of
Fol (Θ; k, n), for several values of Θ. Let us describe, briefly, the type of pull-back
foliation that we shall consider.
From now on we will always assume n ≥ 3. Let f : Pn− → P q+1 be a rational
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map, represented in the homogeneous coordinates z ∈ Cn+1 and x ∈ C q+2 by
f˜ = (F0, F1, ..., Fq+1), where the Fi′s are homogeneous polynomials of degree ν,
without common factors. Let G be a 1-dimensional foliation on P q+1 of degree d and
Πq+1 : C
q+2 \ {0} → P q+1 be the canonical projection. Then Π∗q+1G can be defined
by a q-form Ω = iRiXdV , where R is the radial vector field, X =
∑q+1
i=0 Pi(x)
∂
∂xi
is a homogeneous polynomial vector field of degree d and dV = dx0 ∧ · · · ∧ dxq+1.
If f and G are generic, in a sense that will be precised later, then the form f˜∗Ω
represents in homogeneous coordinates the foliation f∗G := F , of codimension q on
Pn. It can be checked that the degree of F is Θ(ν, d, q) = (d+ q + 1)ν − q − 1. Let
PB(ν, d, k, n), k = n − q, be the closure in Fol(Θ; k, n), Θ = Θ(ν, d, q), of the set
of this kind of foliations. In this paper we are able to prove the following:
Theorem A. The set PB(ν, d, k, n) is a unirational irreducible component of
Fol (Θ; k, n) for all ν ≥ 2, d ≥ 2, k ≥ 2 and n ≥ 3.
Let us observe that a generic element in the set PB(ν, d, k, n) has no algebraic
invariant leaf because a generic foliation by curves of degree ≥ 2 also does not have
[17]. It is worth pointing out that we recover Theorem 1.1 in the case n ≥ 3 and
k = n − 1. On the other hand, for n ≥ 4 we present new families of irreducible
components that were not known.
The proof of theorem A will be done first in the case k = 2, that is for two
dimensional foliations on Pn that are pull back of one dimensional foliations on
Pn−1. The general case, k ≥ 3, will be done in § 3.4.
2. Preliminaries
2.1. One dimensional foliations on Pm, m ≥ 2. Let us recall some definitions
and basic facts about one dimensional foliations that we will use. Let X be a germ
at 0 ∈ Cm of holomorphic vector field, 0 ∈ Sing(X ) and denote by λ1, . . . , λm ∈ C
the eigenvalues of the linear part of DX (0). The germ of foliation defined by X
will be denoted by GX . We say that 0 is a non-degenerate singularity of X if
λj 6= 0 for all j = 1, ...,m. In this case, 0 is an isolated singularity of X . In this
case, the singularity is hyperbolic if all the quotients λi/λj , i 6= j, are not real.
The singularity is of Kupka type if tr(DX (0)) = λ1 + · · · + λm 6= 0. When 0 is a
hyperbolic singularity of X then there are exactly m germs of analytic GX -invariant
curves, say Γ1, . . . ,Γm, through 0 ∈ Cm, called the separatrices of GX through 0.
Moreover, Γj is smooth and tangent to the eigenspace associated to λj , 1 ≤ j ≤ m
(see[17]).
Let us denote by Fol (d; 1,m) the space of one dimensional foliations on Pm.
From [16] and [17] we know that, given m ≥ 2 and d ≥ 2, there is an open and
dense subset M(d) ⊂ Fol (d; 1,m) such that any G ∈M(d) satisfies:
(1) G has exactly N = d
m+1−1
d−1 singularities, all of them hyperbolic
(2) G has no algebraic invariant curve
(3) All singularities are of Kupka-type
When m = 2 the property (2) implies that the Zariski closure of any one di-
mensional leaf of G is P2. A natural question is what happens if m ≥ 3. In
this case, it is not known if there exists an open and dense subset of Fol (d; 1,m)
with a similar property. However, it is known that there exists a generic subset
Mg(d) ⊂M(d) ⊂ Fol (d; 1,m) such that any foliation G ∈ Mg(d) has no algebraic
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invariant subset of positive dimension (see[8]). In particular, if G ∈ Mg(d) then
the Zariski closure of any leaf of G is Pm.
2.2. Rational maps. Let f : Pn− → Pm be a rational map, and let f˜ : Cn+1 →
Cm+1 its natural lifting in homogeneous coordinates.
Definition 2.1. We denote by RM (n,m, ν) the set of maps {f : Pn− → Pm} of
degree ν ≥ 2 given by f˜ = (F0, F1, ..., Fm) where the Fjs, are homogeneous poly-
nomials of degree ν and without common factors.
The indeterminacy locus of f is, by definition, the set I (f) = Πn
(
f˜−1 (0)
)
,
where Πn : C
n+1\{0} → Pn is the canonical projection. Observe that the restriction
f |Pn\I(f) is holomorphic.
Definition 2.2. We say that f ∈ RM (n,m, ν) is generic if for all
p ∈ f˜−1 (0) \ {0} we have dF0 (p) ∧ dF1 (p) ∧ ... ∧ dFm (p) 6= 0.
This is equivalent to saying that f ∈ RM (n,m, ν) is generic if I(f) is the
transverse intersection of the m+ 1 hypersurfaces Πn(Fi = 0) for i = 0, ...,m. If f
is generic, n = m + 1 and deg(f) = ν then I (f) consists of νm+1 distinct points,
by Bezout’s theorem. On the other hand, if n > m + 1 then I(f) is a connected
smooth complete intersection of degree νm+1.
Let U(f) = Pn\I(f), P (f) be the set of critical points of f in U(f) and C(f) =
f(P (f)) be the set of the critical values of f . If f is generic, then P (f)∩ I(f) = ∅,
so that P (f) = P (f) ⊂ U(f) (where A denotes the closure of A ⊂ Pn in the usual
topology). Since P (f) = {p ∈ U(f); rank(df(p) ≤ m− 1}, it follows that P (f) is a
proper algebraic subset of Pn and C(f) is a proper algebraic subset of Pm. The set
of generic maps of degree ν will be denoted by Gen (n,m, ν).
Proposition 2.3. Gen (n,m, ν) is a Zariski open and dense subset of RM (n,m, ν).
2.3. Generic pairs.
Definition 2.4. Let f be an element of Gen (n,m, ν). We say that G ∈ M(d) ⊂
Fol(d; 1,m) is in generic position with respect to f if Sing (G) ∩ C(f) = ∅. In this
case we will say that (f,G) is a generic pair.
Set W = {F ;F = f∗G and (f,G) ∈ Gen (n,m, ν)×M(d) is a generic pair}. We
remark that W is an open and dense subset of PB(ν, d, k, n), where k = n−m+1.
In fact it is a real Zariski open set.
As we have seen before, f∗G can be represented in homogeneous coordinates by
f˜∗Ω, where
f˜ = (F0, ..., Fm)
represents f and
Ω = iRiXdV =
∑
i6=k
(−1)i+k+1xkPidx0 ∧ ... ∧ d̂xi ∧ ... ∧ d̂xk ∧ ... ∧ dxm
represents G. The pull back foliation, f∗(G), is then defined in homogeneous coor-
dinates by the (m− 1)-form
η[f,G] =

(−1)i+k+1∑
i6=k
Fk.(Pi ◦ f˜)dF0 ∧ ... ∧ d̂Fi ∧ ... ∧ d̂Fk ∧ ... ∧ dFm

 .
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Since the Fk′s are homogenous of degree ν and Pi′s homogeneous of degree d, the
coeficients of η[f,G] are homogeneous of degree (d + m)ν − m + 1. From these
considerations we get:
Proposition 2.5. If F = f∗G where (f,G) is a generic pair, then the degree of F is
Θ(ν, d, n) = (d+m)ν −m.
2.4. The Kupka set. The purpose of this section is to expose the main facts about
the Kupka set of two dimensional foliations that will be used in the first part of the
proof of theorem A (see § 3.3).
Let η be a germ at (Cn, p) of holomorphic (n − 2)-form. Since dη is a (n − 1)-
form there exists a germ at (Cn, p) of vector field Z such that dη = iZν, where
ν = dz1 ∧ ... ∧ dzn. The vector field Z is called the rotational of η with respect to
ν. We will denote Z := rotν(η). If ν˜ is another non-vanishing n-form then there is
a vector filed Z˜ = rotν′(η) such that dη = iZ˜ν
′. Since ν′ = u. ν, where u(p) 6= 0,
we have rotν′ (η) = u. rotν(η). In particular, rotν(η) and rotν˜(η) define the same
germ of one dimensional foliation. We say that p is singularity of Kupka type of
η if η(p) = 0 and rotν(η)(p) 6= 0. This condition is equivalent to η(p) = 0 and
dη(p) 6= 0. Therefore, if η˜ = u. η, where u(p) 6= 0, then
η(p) = 0 and dη(p) 6= 0 ⇐⇒ η˜(p) = 0 and dη˜(p) 6= 0 .
In other words, the concept depends only of the foliation defined by η, Fη. In
particular, it can be extended to foliations on complex manifolds.
Definition 2.6. Let F be a two dimensional foliation on a complex manifold M .
We say that p ∈ M is a singularity of Kupka type of F if F is represented in a
neighborhood of p by a (n − 2)-form with a Kupka singularity at p. The set of
singularities of Kupka type of F will be denoted by K(F).
The following result is a special case of more general one proved in [11] (see also
[16]):
Proposition 2.7. (Local product structure.) Let η be a germ at (Cn, p) of integrable
(n−2)-form and Z = rot(η). Assume that Z(p) 6= 0. Then there exists a coordinate
system around p, say φ = (y, t) : U → Cn−1 × C, y : U → Cn−1, t : U → C such
that φ(p) = (0, 0) and when expressed in this coordinate system η depends only of
y. In other words, we can write η = iY dy1 ∧ · · · ∧ dyn−1 where Y is a vector field
of the form Y =
∑n−1
j=1 Yj(y)
∂
∂yj
and Y (0) = 0. Moreover, tr(DY (0)) 6= 0, that is 0
is a singularity of Kupka type of Y .
Remark 2.8. It follows from proposition 2.7 that Fη is equivalent to a foliation
which is a product of a one dimensional non-singular foliation by a the foliation
induced by Y . By this reason, the vector field Y is called the normal type of the
Kupka set of Fη at p.
If the normal type Y has an isolated singularity at 0, det(DY (0)) 6= 0, then in
the coordinate system (y, t) of proposition 2.7, the germ of K(η) at p is the smooth
curve (y = 0). Moreover, the normal type is constant along this curve. An example
is when Y has a non-degenerate singularity at p. In this case, we say that p is a
non-degenerate Kupka singularity of Fη.
In the global case, if a foliation F on a complex compact manifold M has a
non-degenerate Kupka singularity p then the irreducible component of Sing(F)
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that contains p is a compact complex curve Γ such that Γ \ K(F) is finite, say
Γ \K(F) = {p1, ..., pr}, and the normal type of F is constant along Γ \ {p1, ..., pr}.
The Kupka set is locally stable under deformations, as explained below.
Let (ηt)t∈Dr be a holomorphic one parameter family of integrable (n− 2)-forms
defined in a neighborhood of a closed ball B ⊂ Cn, Dr = {τ ∈ C | |τ | < r}. Assume
that K(η0) contains a holomorphic curve Γ with the following properties:
(i). Γ′ := Γ∩B is biholomorphic to a closed disc, D ⊂ C, and cuts transversely
the boundary ∂B of B.
(ii). The normal type of η0 along Γ
′, say Y0, is non-degenerate.
The following result is a consequence of [11]:
Proposition 2.9. In the above situation there exists r′ < r, a C∞ isotopy Φ: Γ′×
Dr′ → B and a holomorphic family of germs at 0 ∈ Cn−1 of holomorphic vector
fields (Yτ )τ∈Dr′ , with the following properties:
(a). Φ0(Γ
′) = Γ′ and for any τ ∈ Dr′ then Φτ (Γ′) ⊂ K(ητ ), where Φτ (z) =
Φ(z, τ).
(b). Yτ is the normal type of ητ along Φτ (Γ
′) and has a non-degenerate singu-
larity at 0 ∈ Cn, ∀τ ∈ Dr′ .
Next we will describe the Kupka set of a foliation F = f∗G on Pn, where
f : Pn− → Pn−1, G ∈ M(d) and (f,G) is a generic pair. Let Sing(G) = {q1, ..., qN}
and recall that, by definition, q1, ..., qN are all singularities of Kupka type of G. Set
Vqi = f
−1(qi), 1 ≤ i ≤ N . Observe first, that Vqi is a smooth algebraic curve of P
n
that contains I(f). In fact, it is the transverse intersection of n − 1 hypersurfaces
because the pair (f,G) is generic. For fixed i ∈ {1, ..., N} let Yi be a holomor-
phic vector field representing G in a neighborhood of qi. Since G ∈ M(d), qi is a
non-degenerate singularity of Yi of Kupka type; tr(DYi(qi)) 6= 0.
Lemma 2.10. In the above situation we have:
• Vqi \ I(f) ⊂ K(f
∗(G)), ∀i.
• The normal type of f∗(G) along Vqi \ I(f) is equivalent to Yi, ∀i.
Proof. Fix i ∈ {1, ..., N} and p ∈ Vqi \ I(f). Since qi is a regular value of
f |U(f), then f is a submersion in a neighborhood of p. Hence, there exist local
analytic coordinate systems (U, y, t), y : U → Cn−1, t : U → C, and (V, u), u :
V → Cn−1, at p and qi = f(p) respectively, such that f(U) ⊂ V , u(qi) = 0 ∈
Cn−1, f(y1, y2, ..., yn−1, t) = (y1, y2, ..., yn−1) and G is represented in V by a vector
field Z holomorphically equivalent near 0 ∈ Cn−1 to Yi near qi. In particular,
det(DZ(0)) 6= 0 and tr(DZ(0)) 6= 0. Therefore, if Z =
∑n−1
j=1 Zj(u)
∂
∂uj
then G is
represented on V by the (n − 1)-form ω = iZ du1 ∧ ... ∧ dun−1. Since f(y, t) = y
the form η := f∗(ω) has essentialy the same expression as ω:
η = f∗ω = iZ(y) dy1 ∧ ... ∧ dyn−1 .
In particular, we get dη(p) = tr(DZ(0)) dy1 ∧ ... ∧ dyn−1 and rot(η) =
tr(DZ(0)) ∂
∂t
6= 0. Therefore, p ∈ K(f∗(G)) and the normal type of f∗(G) is
equivalent to the germ of Z at 0, which proves lemma 2.10. 
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2.5. Conic singularities. The purpose of this section is to describe the so called
conic singularities in the case of two dimensional foliations. We begin by proving
that a pull-back foliation f∗(G), where f : Pn− → Pn−1 and (f,G) is a generic pair,
has a conic structure near a point p ∈ I(f).
Fix a point p ∈ I(f) and let p˜ ∈ Π−1n (p). Without lost of generality we can
assume that p˜ = (1, 0, ..., 0) ∈ Cn+1. Let f˜ = (F0, ..., Fn−1) : C
n+1 → Cn be the
homogeneous lifting of f . Since f is generic, f˜ is a submersion at p˜ ; there exists a
local coordinate system (U, x = (x0, ..., xn) ∈ Cn) around p˜ such that
f˜(x0, x1, ..., xn) = (x1, ..., xn) =⇒ f [1 : x1 : ... : xn] = [x1 : ... : xn] ∈ P
n−1 .
In other words, in the affine chart [1 : x] ≃ x ∈ Cn ⊂ Pn, the map f is the canonical
projection x ∈ Cn \ {0} 7→ [x] ∈ Pn−1. In particular, the pull-back foliation f∗(G)
is defined in these coordinates by an integrable (n − 2)-form η with homogeneous
coefficients of degree d+ 1 and such that iRη = 0, R the radial vector field on C
n.
In fact, the form η defines G in homogeneous coordinates.
In the next lemma we study the rotational of a form η defining in homogeneous
coordinates a foliation on Pn−1. Let G be a foliation of degree d ≥ 2 on Pn−1 and
η be a (n− 2)-form on Cn, with homogeneous coordinates of degree d+1, defining
Π∗n−1(G). Let X := rot(η); dη = iXν, ν = dx1 ∧ ... ∧ dxn.
Lemma 2.11. Assume that all singularities of G are non-degenerate. Then 0 ∈ Cn
is an isolated singularity of X if, and only if, G ∈M(d).
Proof. We will use the identity:
(2.1) (n+ d− 1) η = iR dη .
Let us prove (2.1). Since the coefficients of η are homogeneous of degree d+ 1 we
have LRη = (n+ d− 1) η. On the other hand, from iRη = 0 we get
(n+ d− 1) η = LR(η) = iR dη + d(iRη) = iR dη .
Note that relation (2.1) implies Sing(X) = Sing(dη) ⊂ Sing(η). Since η represents
G in homogeneous coordinates, we have
Sing(η) = {0} ∪ Π−1n−1(Sing(G)) .
On the other hand, if q ∈ Sing(G) then Π−1n−1(q) is a line ℓ through 0 ∈ C
n and,
as we have seen in the proof of lemma 2.10 the normal type of η along ℓ coincides
with the analytic type of a germ vector field representing G at q. Therefore, if
G ∈M(d) then ℓ \ {0} ⊂ K(η) and dη(p) 6= 0, ∀p ∈ ℓ \ {0}, so that 0 is an isolated
singularity of dη. Conversely, if 0 is an isolated singularity of dη then ℓ\{0} ⊂ K(η)
and q is a singularity of Kupka type of G. 
The next definition can be found in [16].
Definition 2.12. Let η be a germ at 0 ∈ Cn of integrable (n − 2)-form with a
singularity at 0, η(0) = 0. We say that 0 is a generalized Kupka singularity (briefly:
GK singularity) if it is an isolated singularity of dη, or equivalently, an isolated
singularity of the rotational, X = rot(η). We say that 0 is a NGK (nilpotent
generalized Kupka) singularity if DX(0) is nilpotent.
The following result is proved in [16]:
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Theorem 2.13. Let η be a germ at 0 ∈ Cn of an integrable (n − 2)-form with a
NGK singularity at 0 and X = rot(η). Then there is a holomorphic germ of vector
field Y at 0 ∈ Cn such that:
(a). η = iY iX ν, where ν = dz1 ∧ ... ∧ dzn.
(b). The eigenvalues of DY (0) are all rational and positive and tr(DY (0)) < 1.
Furthermore, there exists a holomorphic coordinate system in which we can take
Y = S +N , where S is linear semi-simple, N and X are polynomial vector fields,
DN(0) is nilpotent and they satisfy [S,N ] = 0, [N,X ] = 0 and [S,X ] = λX,
λ = 1− tr(S) > 0.
Remark 2.14. Since the eigenvalues of S are rational positive they can be written
as p1
q
, ..., pn
q
, where p1, ..., pn, q ∈ N and p1, ..., pn are relatively primes. Note that
the number λ˜ := q λ = q − q. tr(S) is a positive integer. If we set S˜ = q S then
[S˜, X ] = λ˜ X . This relation says that the vector field X is quasi-homogeneous with
weights p1, ..., pn. In this case, we will say that the singularity is NGK of type
(p1, ..., pn : λ˜).
Observe that when the weights are p1 = ... = pn = 1 then S˜ = R, the radial
vector field, and X has homogeneous coefficients of degree d = λ˜+1. A consequence
of Lemma 2.11 is that if G ∈ M(d) then the form η that represents G in homogeneous
coordinates has a NGK singularity of type (1, ..., 1; d − 1) at 0 ∈ Cn. A nilpotent
singularity of this type will be called a NGK conic singularity of degree d.
Remark 2.15. In the statement of theorem 2.13 the vector field Y such that
η = iY iXν can be decomposed as Y = S+N , where S is semi-simple and [S,N ] = 0,
[N,X ] = 0 and [S,X ] = λX , λ = 1− tr(S). In fact, the vector field N vanishes if
we assume that X satisfies a Zariski open condition (proposition 3 of [16]).
In the case of a conic NGK singularity of degre d ≥ 2, N is necessarily linear
nilpotent and this condition is Zariski open and dense. In fact, in [16] it is proved
that there exists a Zariski open and dense subset U(d) ⊂ Fol(d; 1, n − 1) such
that for any G ∈ U(d), if η represents G in homogeneous coordinates, X = rot(η),
N is linear nilpotent and [X,N ] = 0 then N = 0. We will use the notation
M′(d) :=M(d) ∩ U(d) and M′g(d) =Mg(d) ∩ U(d).
Another result proved in [16] is the persistence of nilpotent singularities under
deformation. Let (ηt)t∈Br be a holomorphic family of integrable (n − 2)-forms on
an open set of U ⊂ Cn, where Br = {t ∈ Cm ; ||t|| < r}. Assume that η0 has a
nilpotent singularity of type (p1, ..., pn;λ) at some point q ∈ U .
Theorem 2.16. In the above situation, there exist 0 < r′ < r and a holomorphic
map Q : Br′ → U with the following properties:
• Q(0) = q and Q(t) is a nilpotent singularity of type (p1, ..., pn;λ) of ηt for
all t ∈ Br′ .
Next, let us consider a holomorphic family (ηt)t∈Br of (n− 2)-forms on a neigh-
borhood of a closed ball 0 ∈ B ⊂ Cn with boundary ∂B. Let us assume:
• η0 has homogeneous coefficients of degree d + 1 and represents a foliation
G0 ∈M′(d).
In this case, we can write η0 = ρ iRiX0ν, where R is the radial vector field on
Cn, X0 = rot(η0), ρ = 1/(n + d − 1) and ν = dz1 ∧ ... ∧ dzn. As we have seen
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in lemma 2.11 the vector field X0 has an isolated singularity and η0 a conic NGK
singularity of degree d at 0 ∈ Cn.
Note also that the singular set of η0 contains exactly N = (d
n − 1)/(d − 1)
straight lines through 0 ∈ Cn, each line corresponding to a singularity of G0.
Let Xt = rot(ηt). Since X0|∂B doesn’t vanishes, by taking a smaller r if neces-
sary, we can assume that Xt|∂B also doesn’t vanishes. In particular, Sing(Xt)∩B
is necessarily finite and so cod(Sing(Xt)) ≥ 3. By de Rham’s division theorem
(cf. [12]) there exists a holomorphic family of vector fields (Yt)t∈Dr , defined in a
neighborhood of B, such that Y0 = ρR and
(2.2) ηt = iYt iXtν , ∀ t ∈ Dr .
Given q ∈ B and k ≥ 0 we will denote by jkq (ηt) the k
th-jet of ηt at q. As a
consequence of theorem 2.16 and from the compactness of B we can state the
following:
Corollary 2.17. In the above conditions, there exists 0 < r′ ≤ r and a holomorphic
map Q : Br′ → B, with Q(0) = 0, and such that:
(a). Sing(Xt) ∩B = Sing(Yt) ∩B = {Q(t)}, ∀t ∈ Br′ .
(b). Q(t) is a conic NGK singularity of degree d of ηt for all t ∈ Br′ . In parti-
cular, j d
Q(t)(ηt) = 0 and j
d+1
Q(t) (ηt), viewed as (n−2)-form with homogeneous
coefficients, represents a foliation Gt ∈M′(d). In particular, the correspon-
dence t ∈ Br′ 7→ Gt ∈ M′(d) is holomorphic.
(c). DYt(Q(t)) = ρR for all t ∈ Br′ , where R is the radial vector field on C
n.
In particular, by Poincaré’s linearization theorem ρ−1 Yt is holomorphically
equivalent at Q(t) to R.
Remark 2.18. We would like to observe that the foliation Gt ∈M′(d) of corollary
2.17 appears when we blow-up the point Q(t). Indeed, if we denote the blow-up
by π : (B˜, E) → (B,Q(t)) then the divisor E is biholomorphic Pn−1 and π∗(Ft)
extends to B˜, the complex manifold obtained after the blow-up. On the other
hand, by (c) of corollary 2.17, the radial vector field is tangent to Ft, and its strict
transform by π is transverse to E. In fact, it can be verified that π∗(Ft)|E ≃ Gt.
Notation. In the situation of remark 2.18 we will say that Ft represents Gt near
Q(t).
Remark 2.19. Let Yt and Xt be as in (2.2), so that ηt = iYt iXtν and dηt = iXtν.
From these relations we get
LYtηt = iYt dηt + d (iYt ηt) = ηt .
As a consequence of the above relation, the singular set of ηt is Yt-invariant. In
fact, Sing(ηt) is the closure of N orbits of Yt. Since Yt is equivalent at Q(t) to
a multiple of the radial vector field, the closure of each orbit is a smooth curve
containing Q(t). On the other hand, since we are supposing that Y0 = ρR, by
continuity of the solutions of the flow of Yt with t ∈ Br′ , if r′ is small enough then
the orbits of Yt are transverse to ∂B and have as unique adherent point the point
Q(t). Hence, we can conclude that Sing(ηt) ∩B =
⋃N
j=1 ℓj(t), where:
(a). ∀ j ∈ {1, ..., N}, ℓj(t) is the union of an orbit of Yt in B with Q(t). In
particular, ℓj(t) is transverse to ∂B and biholomorphic to a closed disc.
(b). ∀ i 6= j, ℓi(t) ∩ ℓj(t) = {Q(t)}.
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(c). ∀ j, there exists a C∞ isotopy Φj : Br′ × D → B such that Φ
j
0(D) = ℓj(0)
and Φjt (D) = ℓj(t), Φ
j(t, z) = Φjt (z).
3. Proof of theorem A
3.1. Plan of the proof. We begin by proving the theorem in the case of two
dimensional foliations. In § 3.3 we will prove that PB(ν, d, 2, n) is an irreducible
component of Fol(Θ; 2, n), Θ = (d + n − 1)ν − n + 1. Let us give an idea of the
proof.
First of all, PB(ν, d, 2, n) is an unirational irreducible algebraic subset of
Fol(Θ; 2, n), because it is the closure in Fol(Θ; 2, n) of the set {f∗(G) | f ∈
RM(n, n−1, ν) , G ∈ Fol(d, 1, n−1)}. Let Z be the (unique) irreducible component
of Fol(Θ; 2, n) containing PB(ν, d, 2, n). Since PB(ν, d, 2, n) and Z are irreducible
it is sufficient to prove that there exists F = f∗(G) ∈ PB(ν, d, 2, n) such that for
any germ of holomorphic one parameter family (Ft)t∈(C,0) of foliations Ft ∈ Z with
F0 = F then Ft ∈ PB(ν, d, 2, n), ∀ t ∈ (C, 0).
We choose F = f∗(G), where (f,G) is a generic pair (see §2.3), and G ∈ M′g(d)
(see §2.1 and §2.5). Given the one parameter family (Ft)t∈(C,0) with F0 = f
∗
0 (G0),
we will construct in § 3.2 two holomorphic one parameter families (ft)t∈(C,0) and
(Gt)t∈(C,0) of generic maps and foliations, such that f0 = f , G0 = G and f
∗
t (Gt) = Ft
for all t ∈ (C, 0), so that Ft ∈ PB(ν, d, 2, n) for all t ∈ (C, 0). In the next section
we will describe briefly how to find these families.
A problem with the families (ft)t∈(C,0) and (Gt)t∈(C,0) that we will construct in
§3.2 is that we cannot assert a priori that Ft = F ∗t (Gt), ∀t ∈ (C, 0). This fact will
be proved in §3.3 in the case of two dimensional foliations. In § 3.4 we will see how
to reduce the case of foliations of dimension ≥ 3 to the case of two dimensional
foliations.
3.2. Construction of the families (Gt)t∈(C,0) and (ft)t∈(C,0). Recall that
Sing(F0) contains N smooth complete intersection curves Vq1 ,...,VqN , such that:
• Vqj = f
−1(qj), 1 ≤ j ≤ N , where {q1, ..., qN} = Sing(G0).
• Vqi ∩ Vqj = I(f0), ∀i 6= j. In particular, I(f0) ⊂ Vqj , ∀j.
• Vqj \ I(f0) ⊂ K(F0), ∀j.
In fact, it can be proved that K(F0) =
⋃
j Vqj \ I(f0), but we will not use this
essentially. Using corollary 2.17, about deformations of conic NGK points we can
state the following:
Corollary 3.1. Set I(f0) = {p1, ..., pρ}, ρ = νn. Then there are holomorphic
germs of curves Pj : (C, 0) → Pn, 1 ≤ j ≤ ρ, such that Pj(0) = pj and Pj(t) is a
conic NGK singularity of degree d. Furthermore, for each j ∈ {1, ..., ρ} there exists
a germ of holomorphic one parameter family of foliations t ∈ (C, 0) 7→ Gjt ∈ M
′(d)
such that Gj0 = G0 and Ft represents G
j
t near Pj(t).
Notation. We will use the notation: Con(Ft) = {P1(t), ..., Pρ(t)}.
Remark 3.2. Since, in principle, we have ρ = νn different one parameter families
of one dimensional foliations, (Gjt )t∈(C,0), 1 ≤ j ≤ ρ, we cannot assert a priori that,
if i 6= j, then Git is equivalent to G
j
t for any t ∈ (C, 0). Indeed, this fact is true, but
it will be a consequence of the final result.
Notation. We will choose the family (Gt)t∈(C,0) of §3.1 as the family (G
1
t )t∈(C,0).
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Remark 3.3. Since G0 ∈ Mg(d) ⊂ M(d) and M(d) is open, we can assert that
Gt ∈ M(d) for all t ∈ (C, 0). However, we don’t know if Mg(d) is open, but
only Zariski generic in M(d). Therefore, we can’t assert that Gt ∈ Mg(d) for all
t ∈ (C, 0). On the other hand, we can assert that there exists a countable subset
C ⊂ (C, 0) such that Gt ∈ Mg(d) for all t /∈ C. We leave the details of this assertion
for the reader.
Next we will describe briefly how to obtain the family of maps (ft)t∈(C,0) of §3.1.
The construction of this family will be done by using the deformation of the curves
Vqj , 1 ≤ j ≤ N , and a theorem of Sernesi [19]. First of all, an easy consequence of
proposition 2.9 and corollary 2.17 is the following:
Lemma 3.4. There exist N germs of C∞ isotopies φj : (C, 0)×Vqj → P
n, 1 ≤ j ≤
N , such that if we denote Vj(t) := φqj ({t} × Vqj ) then:
(a) Vj(0) = Vqj and Vj(t) \Con(Ft) is contained in the Kupka set of Ft, ∀ t ∈
(C, 0) and ∀ 1 ≤ j ≤ N .
(b) Con(Ft) ⊂ Vj(t), ∀ 1 ≤ j ≤ N and ∀ t ∈ (C, 0). Moreover, if i 6= j then
Vi(t) ∩ Vj(t) = Con(Ft), ∀ t ∈ (C, 0).
In particular, Vj(t) is an algebraic smooth curve of P
n, ∀ 1 ≤ j ≤ N and ∀ t ∈ (C, 0).
Proof. The argument is similar to [15, lema 2.3.3, p.83] and uses essentially the local
stability under deformations of the Kupka set and of Con(F0) (see also [6]). 
The map ft : P
n− → Pn−1, ft ∈ Gen (n, n− 1, ν) will be constructed in such
a way that the curves Vj(t), 1 ≤ j ≤ N , will be fibers of ft, ∀t ∈ (C, 0). Since
d ≥ 2 we have #Sing(G0) = N = (dn − 1)/(d − 1) > n, and we can assume that
{q1, ..., qn} ⊂ Sing(G0), where q1 = [1 : 0 : ... : 0], ..., qn = [0 : 0 : ... : 1].
Lemma 3.5. Let (Ft)t∈(C,0) be as before; F0 = f
∗
0 (G0). Then there exists a
holomorphic germ of deformation (ft)t∈(C,0) of f0 in Gen (n, n− 1, ν) such that:
(i) Con(Ft) = I(ft), ∀ t ∈ (C, 0).
(ii) Vj(t) is a fiber of ft, ∀ 1 ≤ j ≤ N , ∀ t ∈ (C, 0).
(iii). The pair (ft,Gt) is generic for all t ∈ (C, 0).
Proof. Let f˜0 = (F0, ..., Fn−1) : C
n+1 → Cn be the homogeneous lifting of f0. By
the choice of q1, ..., qn, the first n curves Vq1 , Vq2 ,..., and Vqn appear as the complete
intersections Vqi = Πn(F0 = F1 = ... = F̂i−1 = ... = Fn−1 = 0), where the symbol
F̂j means omission of Fj in the sequence. The remaining curves Vqi , i > n are also
defined by n− 1 polynomials in the ideal I0 := 〈F0, . . . , Fn−1〉.
Now, we use Sernesi’s stability criteria [19, sec. 4.6 235-236]. It follows from
lemma 3.4 and Sernesi’s criteria that for each j ∈ {1, ..., N} the curve Vj(t) is
also a complete intersection. Moreover, it is defined by an ideal of homogeneous
polynomials of degree ν, Ijt =
〈
Gj1 t, ..., G
j
n−1 t
〉
such that each germ t ∈ (C, 0) 7→
Gji t ∈ C[X0, ..., Xn], 1 ≤ i ≤ n − 1, is holomorphic and moreover I
j
0 ⊂ I0. For
instance, in the case j = 1 we have Vq1 = Πn(F1 = ... = Fn−1 = 0) and there are
holomorphic families of homogeneous polynomials t ∈ (C, 0) 7→ Fi t ∈ C[X0, ..., Xn],
1 ≤ i ≤ n− 1, such that Fi 0 = Fi and
V1(t) = Πn(F1 t = ... = Fn−1 t = 0) , ∀ t ∈ (C, 0) .
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Similarly, there are holomorphic germs t ∈ (C, 0) 7→ F0 t ∈ C[X0, ..., Xn], t ∈
(C, 0) 7→ F˜2 t ∈ C[X0, ..., Xn], ..., t ∈ (C, 0) 7→ F˜n−1 t ∈ C[X0, ..., Xn] such that
F0 0 = F0, F˜2 0 = F2, ..., F˜n−1 0 = Fn−1 and
V2(t) = Πn(F0 t = F˜2 t = ... = F˜n−1 t = 0) , ∀ t ∈ (C, 0) .
Notation. We choose the family (ft)t∈(C,0) in such a way that f˜t =
(F0,t, ..., Fn−1 t), where f˜t is the homogeneous lifting of ft, for all t ∈ (C, 0). Note
that ft is a generic map for any t ∈ (C, 0).
Let us prove that Con(Ft) = I(ft), ∀ t ∈ (C, 0). First of all, Πn(F0 t = 0),
...,Πn(Fn−1 t = 0) intersect multitransversely at ν
n points, because ft is generic for
all t ∈ (C, 0). Since I(ft) = Πn(F0 t = ... = Fn−1 t = 0) we get # I(ft) = νn. On
the other hand, Con(Ft) ⊂ I(ft), because Con(Ft) = V1(t) ∩ V2(t) =
= Πn(F1 t = ... = Fn−1 t = 0) ∩ Πn(F0 t = F˜2 t = ... = F˜n−1 t = 0) ⊂ I(ft) .
Finally Con(Ft) = I(ft) because #Con(Ft) = νn = # I(ft).
It remains to prove that Vj(t) is a fiber of ft, ∀ t ∈ (C, 0). Here we use Noether’s
theorem about multitransversal intersections. The fact that Con(Ft) = I(ft)
is a multitransversal intersection and Con(Ft) ⊂ Vj(t) imply that the ideal
Ij(t) that defines Vj(t) in homogeneous coordinates is contained in the ideal
It := 〈F0 t, ..., Fn−1 t〉. This of course implies that Vj(t) is a fiber of ft.
Finally, the pair (ft,Gt) is generic for all t ∈ (C, 0), because (f0,G0) is generic
and the set of generic pairs is open. 
3.3. End of the proof of Theorem A in the case of two dimensional fo-
liations. Let (Ft)t∈(C,0) be the germ of deformation of F0 = f
∗
0 (G0) of §3.1 and
(ft,Gt)t∈(C,0) be the germ of deformation of (f0,G0) obtained in §3.2. Consider the
holomorphic family of foliations
(
F˜t
)
t∈(C,0)
defined by F˜t = f∗t (Gt), ∀ t ∈ (C, 0).
Of course F˜0 = F0 and F˜t ∈ PB(ν, d, 2, n), ∀ t ∈ (C, 0).
Lemma 3.6. F˜t = Ft for all t ∈ (C, 0). In particular, Ft ∈ PB(ν, d, 2, n), ∀ t ∈
(C, 0).
Proof. The idea is to prove that F˜t and Ft have a common leaf Lt, ∀ t ∈ (C, 0). In
particular, the foliations F˜t and Ft coincide in the Zarisk closure L
Z
t of Lt. On the
other hand, we have seen in remark 3.3 that there exists a germ of countable set
C ⊂ (C, 0) such that Gt ∈ Mg(d) for all t /∈ C. The fact that Gt ∈ Mg(d) implies
that the Zariski closure of any leaf of Gt is the whole Pn−1. As we will see, this will
imply that L
Z
t is the whole P
n, ∀ t /∈ C. Since C is countable this will finish the
proof of lemma 3.6.
We begin by blow-up once at the ρ = νn points P1(t), ..., Pρ(t) of Con(Ft). Let
us denote by M(t) the complex manifold obtained from this blow-up procedure, by
πt : M(t) → Pn the blow-up map and by E1(t), ..., Eρ(t) the exceptional divisors
obtained, where π(Ej(t)) = Pj(t), 1 ≤ j ≤ ρ. Denote by V ′j (t) the strict transform
of Vj(t) by πt.
Remark 3.7. Since the pair (ft,Gt) is generic and I(ft) = Con(Ft) =
{P1(t), ..., Pρ(t)}, we can assert the following facts:
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(I). The map ft◦πt extends to a holomorphic map f ′t : M(t)→ P
n−1. Moreover,
for any 1 ≤ j ≤ ρ, there exists a neighborhood Uj of Pj(t) such that
f ′t |Uj : Uj → P
n−1 is a submersion.
(II). The fiber f ′−1t (q), q ∈ P
n−1 is the strict transform of f−1t (q) by πt. It is
smooth near Ej(t) and cuts Ej(t) transversely in just one point, ∀ 1 ≤ j ≤ ρ.
(III). V ′j (t) is a smooth curve and f
′
t is a submersion in some neighborhood of
V ′j (t), ∀ 1 ≤ j ≤ ρ.
Assertion (I) follows from the fact that ft is equivalent to the canonical projection
Πn−1 : C
n \ {0} → Pn−1 near Pj(t), 1 ≤ j ≤ ρ. Of course, (I) =⇒ (II) =⇒ (III).
Let us denote by F ′t and F˜
′
t the strict transforms by π of the foliations Ft and
F˜t, respectively. Note that, for each 1 ≤ j ≤ ρ, the foliation F˜
′
t|Ej(t) is a foliation
by curves on Ej(t) ≃ Pn−1 equivalent to Gt. Similarly, F ′t |Ej(t) is a foliation by
curves on Ej(t), but we cannot assert that F ′t |Ei(t) is equivalent to F
′
t |Ej(t) if i 6= j.
However, by the choice Gt, we can assert that Gt is equivalent to F ′t |E1(t).
On the other hand, by using (II) we can define a holomorphic map Φt : M(t)→
E1(t), 1 ≤ j ≤ ρ, by
Φt(q) := f
′−1
t (f
′
t(q)) ∩ E1(t) , ∀ q ∈ P
n .
Note that the fibers of Φt coincide with the fibers of f
′
t . In fact, the maps Φt and
f ′t are equivalent, in the sense that there exists a biholomorphism h : P
n−1 → E1(t)
such that Φt = h ◦ f ′t . In particular, identifying Gt with F
′
t|E1(t) we can assert that
F˜ ′t = Φ
∗
t (Gt) .
Now, we fix a singularity of Gt, say q(t) = q1(t), with V ′1 (t) = Φ
−1
t (q1(t)).
Since Gt ∈ M(d) it has n − 1 analytic separatrices through q1(t), all smooth, say
γ1(t), ..., γn−1(t), and no other local analytic separatrix. Each separatrix γj(t) is a
germ of complex curve through q(t) such that γj(t) \ {q(t)} is contained in some
leaf of Gt. If Gt ∈Mg(d) then its Zariski closure γj(t)
Z
is E1(t) = P
n−1, because Gt
has no proper algebraic invariant subset of positive dimension. We fix one of these
separatrices, say γ1(t). By construction the set Φ
−1
t (γ1(t)) satisfies the following
property:
1. It is F˜ ′t-invariant. In other words, V
′
1(t) ⊂ Φ
−1
t (γ1(t)) and Φ
−1
t (γ1(t))\V
′
1 (t)
is an open subset of some leaf of F˜ ′t.
We can assert also that:
2. If Gt ∈ Mg(d) then the Zariski closure Φ
−1
t (γ1(t))
Z
is Pn. This follows
from the relation
Φ−1t
(
γ1(t)
Z
)
= Φ−1t (γ1(t))
Z
.
Notation. A strip Θ around V ′1(t) is a germ of smooth complex surface along
V ′1(t), containing V
′
1(t). We say that a strip Θ is a separatrix of F
′
t (resp. F˜
′
t) along
V ′1(t) if Θ \ V
′
1(t) is an open set of some leaf of F
′
t (resp. F˜
′
t).
Note that the set Φ−1t (γ1(t)) is a separatrix of F˜
′
t.
Claim 3.8. Let Θ be a strip around V ′1(t). Then for any q ∈ Θ ∩ E1(t) the fiber
Φ−1t (q) is contained in Θ. In particular, if Θ∩E1(t) is a separatrix of Gt then Θ is
a separatrix of F˜ ′t along V
′
1(t).
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Proof. Note that Θ is transverse to E1(t). Consider a representative of Θ transverse
to E1(t), denoted by the same symbol. Since Φt is a submersion at the points of
V ′1(t) = Φ
−1
t (q(t)), there exists a holomorphic coordinate system around q(t) ∈
E1(t) ⊂M(t), say (x, y) : U → Cn−1 × C, x = (x1, ..., xn−1), such that
(i). x(q(t)) = 0 ∈ Cn−1 and y(q(t)) = 0 ∈ C.
(ii). E1(t) ∩ U = (y = 0) and V
′
1(t) ∩ U = (x = 0).
(iii). Φt(x, y) = (x, 0).
(iv). Θ ∩ E1(t) ∩ U = (x2 = ... = xn−1 = y = 0). In other words, Θ ∩ E1(t) is
the x1-axis in this coordinatte system.
Given p(s) := (s, 0, ..., 0) ∈ Θ∩E1(t)∩U let σs = {(x, 0) ∈ E1(t) ∩U |x1 = s} and
Σs := Φ
−1
t (σs). Note that σs is a hypersurface of E1(t) transverse to Θ ∩ E1(t) at
the point p(s) ∈ Θ ∩ E1(t). This implies that Σ0 is an hypersurface transverse to
Θ along V ′1(t).
Let Br = {(x, 0) ∈ U ; ||x|| < r}, the ball of radius r > 0 in E1(t) centered
at 0 ∈ U . Since Φt is a submersion at the points of V
′
1(t) and the fibers of Φt
are compact, there exists ρ > 0 such that all points of Bρ are regular values of
Φt. This implies that, if p(s) ∈ Bρ then Σs is a piece of smooth hypersurface of
M(t) containing Φ−1t (p(s)). By compactness, taking a smaller ρ if necessary, we
can assume that Σs is transverse to Θ, and Θ∩Σs := θs is a compact curve ofM(t)
contained in Θ, ∀ |s| = ||p(s)|| < ρ. Note that p(s) ∈ θs, ∀ |s| < ρ.
Since θs is a compact curve, the set Φt(θs) is a compact analytic subset of Bρ.
But this implies that Φt(θs) is a point: Φt(θs) = p(s). Therefore, θs is the fiber of
Φt through p(s). Hence, if |s| is small then the fiber Φ−1(p(s)) is contained in Θ.
This finishes the proof of claim 3.8. 
Now, the idea is to prove that F ′t has some separatrix Θ along V
′
1(t). Note that
Θ ∩ E1(t) is a separatrix of Gt because Gt = F ′t|E1(t). By claim 3.8, Θ is also a
separatrix of F˜ ′t, so that F
′
t and F˜
′
t have a common leaf. This will conclude the
proof of lemma 3.6 and of theorem A.
In the construction of the separatrix Θ of F ′t along V
′
1(t) we use the fact that
V ′1(t) ⊂ K(F
′
t), the Kupka set of F
′
t. Indeed, first of all V
′
1(t) \
⋃
j Ej(t) ⊂ K(F
′
t)
by lemma 3.4, because F ′t = π
∗
t (Ft). On the other hand, the point of V
′
1(t)∩Ej(t),
1 ≤ j ≤ νn, is also in the Kupka set because Pj(t) is a conic NGK singularity of Ft
(see §2.5). We leave the details to the reader.
Since V ′1(t) ⊂ K(F
′
t) and F
′
t|E1(t) = Gt there exist a finite covering (Uα t)α∈A of
V ′1(t), a ball Bρ ⊂ E1(t) around q(t) and submersions φα : Uα → Bρ such that
F ′t|Uα = φ
∗
a
(
Gt|Bρ
)
.
If we fix some separatrix of Gt at q(t), say γ1(t), then the set Θα(t) := φ−1α (γ1(t))
is a separatrix of F ′t|Uα along V
′
1(t) ∩ Uα, ∀α ∈ A. On the other hand, they glue
together in the sense that, if Uα ∩ Uβ 6= ∅ then
Θα(t) ∩ Uα ∩ Uβ = Θβ(t) ∩ Uα ∩ Uβ .
In fact, since F ′t|Uα∩Uβ = φ
∗
a(Gt) = φ
∗
β(Gt) then φα(Θβ(t) ∩ Uα ∩ Uβ) is one of the
separatrices of Gt through q(t), γj(t), 1 ≤ j ≤ n− 1. On the other hand, it must be
the separatrix γ1(t), because for t = 0 we have F ′0 = F˜
′
0 and Θβ(t) is a deformation
in Uβ of the global separatrix Φ
−1
0 (γ1(0)). Hence, Θ =
⋃
αΘα(t) is a separatrix of
F ′t along V
′
1(t), as wished. We leave the details for the reader. 
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3.4. Proof of theorem A in the case k ≥ 3. As in the proof in § 3.3 we will
consider a germ of one parameter family of foliations (Ft)t∈(C,0) on P
n such that
F0 = f∗(G) ∈ PB(ν, d, k, n), where the pair (f,G) is generic, and we will prove
that Ft ∈ PB(ν, d, k, n) for all t ∈ (C, 0). We will assume also that G ∈ Mg(d) ⊂
Fol(d, 1,m), as in the preceding proof. Since the dimension of F is k ≥ 3, its
codimension is q = n− k, the same codimension of G in Pm, so that m = q + 1.
Now we describe briefly the foliation F near the indeterminacy locus I(f).
Fix p ∈ I(f). With an argument similar to the argument of § 2.2 there exists a
holomorphic coordinate system (U, (x, y)), where x = (x1, ..., xm+1) : U → C
m+1,
y : U → Cn−m−1, such that
f(x1, ..., xm+1, y) = [x1 : .... : xm+1] , ∀ (x, y) ∈ U .
If G is represented in homogeneous coordinates by the integrable q-form η on Cm+1,
with homogeneous coefficients, then F = f∗(G) is represented in U by f∗(η), which
has the same expression of η. In particular, F|U is equivalent to the product of a two
dimensional homogeneous foliation on Cm+1 by the regular foliation of dimension
n−m − 1 = k − 2 whose leaves are the levels x = c, c ∈ Cm+1. Observe that the
restriction F|y=c′ , c′ ∈ Cn−m−1, has a conic singularity at (0, c′).
Definition 3.9. Let H be a germ of k-dimensional foliation on (Cn, 0), k ≥ 2.
We say that H has a conic singularity at 0 ∈ Cn if there exists a decomposition
Cn = Cn−k+2×Ck−2 for which the restriction H|Cn−k−2×{0} has a conic singularity
at (0, 0). We say that the singularity is NGK if the conic singularity is NGK (see
§ 2.5).
LetH be as in definition 3.9 and η be a germ of integrable (n−k)-form definingH.
Clearly the condition in definition 3.9 is equivalent to the fact that η˜ := η|Cn−k−2×{0}
has the first non-zero jet of conic type. The singularity is NGK if, and only if, η˜ is
conic and (0, 0) is an isolated singularity of dη˜ in the plane Cn−k−2 × {0}.
If F = f∗(G), where the pair (f,G) is generic then all points of I(f) are conic
NGK singularities of F . This is a consequence of the structure of local product
described above, the fact that G ∈M(d) and of lemma 2.11.
Let (Ft)t∈(C,0) be a germ of deformation of F0 = F = f
∗(G). We will denote the
set of conic points of Ft by Con(Ft). The proof of theorem A will be finished with
two auxiliary results.
Lemma 3.10. Let (Ft)t∈(C,0) be a germ of one parameter deformation of F0 =
f∗(G), where the pair (f,G) is generic. Then there exists a germ of C∞-isotopy
Φ: I(f) × (C, 0) → Pn such that Φ0(I(f)) = I(f) and Φt(I(f)) = Con(Ft), ∀t ∈
(C, 0), where Φt(z) = Φ(z, t).
Lemma 3.11. Let η be a germ at 0 ∈ Cn of integrable q-form, where n ≥ q + 3.
Assume that η has a conic NGK singularity of degree d ≥ 2 at 0 ∈ Cn. Then there
exists a germ of biholomorphism φ = (x, y) : (Cn, 0)→ (Cq+2×Cn−q−2, (0, 0)) such
that φ∗(η) is dicritical, has homogeneous coefficients of degree d + 1 and depends
only on x = (x1, ..., xq+2):
φ∗(η) =
∑
σ
Aσ(x) dxσ(1) ∧ ... ∧ dxσ(q) .
In other words, the foliation Fη is equivalent to a product of a singular foliation
of dimension two on Cq+2 by a regular foliation of dimension n− q − 2.
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The proof of lemmae 3.10 and 3.11 will be done at the end.
Notation. The form φ∗(η) represents a one dimensional foliation G on Pq+1.
The foliation G will be called the normal type of the foliation at the conic singularity.
Remark 3.12. When the normal type is NGK then Lemma 3.11 implies that it
is locally constant along the set of conic points.
Let us finish the proof of theorem A. First of all, Con(F0) = I(f) is the complete
intersection of m+1 hypersurfaces of degree ν, so that dimC(Con(F0)) = n−m−
1 = k − 2 ≥ 1. On the other hand, by lemma 3.10, Con(Ft) is a deformation
of Con(F0), and so we can use Sernesi’s theorem [19]: there are holomorphic
families of homogeneous polynomials of degree ν, F0 t, ..., Fmt, that define Con(Ft)
in homogeneous coordinates, for all t ∈ (C, 0). Each Ft = (F0 t, ..., Fmt) : Cn+1 →
Cm+1 defines a rational map ft : P
n− → Pm such that I(ft) = Con(Ft).
Now, the normal type of Ft along Con(Ft) is locally constant, by remark 3.12.
Since Con(Ft) is a complete intersection, it is connected, so that the normal type
is constant along Con(Ft), for all t ∈ (C, 0). Let Gt be the normal type of Ft along
Con(Ft). The idea is to prove that Ft is equivalent to f
∗
t (Gt), for all t ∈ (C, 0).
Let us define ft in such a way that f
∗
t (Gt) = Ft for alll t ∈ (C, 0). Fix a q + 2
plane Ho transverse to Con(F0) and fix a point p ∈ Ho ∩ Con(F0). Since p is
a conic NGK point of F0|Ho , by theorem 2.16, there exists a holomorphic germ
Q : (C, 0)→ Ho such that Q(0) = p and Q(t) is a conic NGK singularity of Ft|Ho .
Since t 7→ Q(t) is holomorphic, after an automorphism of Pn that preserves Ho, we
can assume that Q(t) = p for all t ∈ (C, 0). Now, we blow up Ho at p obtaining
a divisor E ≃ Pq+1 and a holomorphic one parameter family of foliations on E
that we can assume to be the family (Gt)t∈(C,0). Fix a ball U around p in Ho such
that I(ft) ∩ Ho ∩ U contains only the point p. If U is small then we can assume
that all fibers of ft cut Ho ∩ U in a smooth curve passing through p. The strict
transform of this curve after the blow-up cuts E in a unique point and this defines
a rational map Pn− → E ≃ Pq+1. This map is equivalent to ft, so that we can
assume that ft is constructed in this way. Now, if we apply the argument of § 3.3 we
see that f∗t (Gt)|Ho = Ft|Ho , for all t ∈ (C, 0). The same argument can be applied
to any q + 2 plane H transverse to Con(F0) to show that Ft|H = f∗t (Gt)|H , for all
t ∈ (C, 0). This implies that Ft = f∗t (Gt), ∀t ∈ (C, 0), as the reader can check. This
finishes the proof of theorem A.
Proof of lemma 3.10. Lemma 3.10 is a consequence of the stability of conic
singularities, theorem 2.16. First of all, let us prove the local stability. Given
z ∈ Con(F0) fix coordinates (U, (x, y)), φ = (x, y) : U → Q1×Q2 ⊂ C
n−q−2×Cq+2
with z ∈ U and φ(z) = (0, 0), such that U ∩ Con(F0) = (y = 0). Given (xo, 0) ∈
Con(F0) set Lxo := {(x, y) ∈ U |x = xo} ≃ Q2. Each Lx is transverse to Con(F0),
so that F0|Lx has a conic NGK singularity at (x, 0). Applying theorem 2.16 to the
family of foliations (Ft|Lx)(t,x), viewed as a family of foliations on the open set Q2 of
Cq+2, we obtain a holomorphic map ψ : Q1× (C, 0)→ Q2 such that ψ(x, 0) = (x, 0)
and ψ(x, t) is the unique conic singularity of Ft|Lx in Lx. This holomorphic local
version implies that, locally "Con(Ft) is a graph over Con(F0)", and this implies
the C∞ global version. We leave the details to the reader. 
Proof of lemma 3.11. According to definition 3.9, there exists a decomposition
Cn = Cq+2 × Ck−2 such that η|(Cq+2,0)×{0} has a conic NGK singularity at (0, 0).
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Let us fix some notations. We denote the coordinates in Cq+2 × Ck−2 as (x, y),
where x = (x1, ..., xq+2) and y = (y1, ..., yk−2). Given sequences α = (1 ≤ α1 <
... < αs ≤ q + 2) and β = (1 ≤ β1 < ... < βr ≤ k − 2) we set #α = s, #β = r and
dxα ∧ dyβ = dxα1 ∧ ... ∧ dxαs ∧ dyβ1 ∧ ... ∧ dyβr . With this notation a germ Θ of
holomorphic q-form can be written as
(3.1) Θ =
∑
#α+#β=q
Aα,β(x, y) dx
α ∧ dyβ , Aα,β ∈ On .
We will say that the q-form Θ depends of r variables y, where 0 ≤ r ≤ k − 2, if it
can be written as
Θ =
∑
#α+#β=q
1≤βj≤r
Aα,β(x, y1, ..., yr) dx
α ∧ dyβ , if r > 0, or as Θ =
∑
#α=q
Aα(x) dx
α ,
if r = 0. In other words, Θ depends only of x1, ..., xq+2, y1, ..., yr and of
dx1, ..., dxq+2, dy1, ..., dyr.
The idea is to prove that if η depends on r variables y, where 1 ≤ r ≤ k − 2,
then there exists a germ of biholomorphism ϕ : (Cn, 0) → (Cn, 0), of the form
ϕ(x, y) = (ϕ1(x, y), y), such that ϕ
∗(η) depends on r − 1 variables y. Of course,
this implies lemma 3.11. The induction step will be reduced to the following:
Claim 3.13. There exists a germ of vector field Y of the form
(3.2) Y =
∂
∂yr
+
q+2∑
j=1
Bj (x, y1, ..., yr)
∂
∂xj
such that iY η = 0 and iY dη = 0.
We will prove claim 3.13 at the end. Let us finish the proof of the induction step
by using it.
Let φ : (C×Cq+2+r , (0, 0))→ (Cq+2+r , 0) be the local flow of Y . The reader can
check using (3.2) that φ is of the form
φ(t, x, y) = (φ1(t, x, y), y1, ..., yr−1, yr + t) .
Define ϕ : (C× Cq+2+r−1, (0, 0))→ (Cq+2+r, 0) as
ϕ(t, x, y1, ..., yr−1) = φ(t, x, y1, ..., yr−1, 0) = (φ1(t, x, y1, ..., yr−1, 0), y1, ..., yr−1, t) .
It can be verified that ϕ is a germ of biholomorphism and that ϕ∗(Y ) = ∂
∂t
. In
particular, if we set η˜ = ϕ∗(η) then
i ∂
∂t
dη˜ = 0 and i ∂
∂t
η˜ = 0 =⇒ L ∂
∂t
η˜ = 0 .
Since i ∂
∂t
η˜ = 0 the form η˜ does not contain terms with dt. Since L ∂
∂t
η˜ = 0 the
coefficients of η˜ do not depend on t. Therefore, η˜ depends only of r − 1 variables
y, as wished.
Proof of Claim 3.13. Fix coordinates (x, y) ∈ (Cq+2 × Ck−2, (0, 0)) such that
η|(y=0) has a conic NGK singularity. We begin proving that we can assume that
the set of conic NGK singularities of η, Con(η), is {(x, y) |x = 0}.
Indeed, fix coordinates (x, y) = (x1, ..., xq+2, y1, ..., yk−2) ∈ Cq+2 × Ck−2 such
that η|(y=0) has a conic NGK singularity at (0, 0). Given yo ∈ (C
k−2, 0) set ηyo :=
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η|(y=yo). If η is written as in (3.1) then
ηy =
∑
#α=q
Aα(x, y) dx
α , ∀ y ∈ (Ck−2, 0) .
According to the definition, η0 has a conic NGK singularity at 0 ∈ Cq+2. We can
consider y 7→ ηy as a holomorphic family of integrable q-forms. In this case, theorem
2.16 implies that there exists a holomorphic germ Q : (Ck−2, 0) → (Cq+2, 0) such
that Q(0) = 0 and Q(y) is the unique conic NGK singularity of ηy. In particular,
Con(η) = {(Q(y), y) | y ∈ (Ck−2, 0)}. Let φ be the germ of biholomorphism defined
by φ(x, y) = (x+Q(y), y). Since φ−1(Con(η)) = (x = 0), we get
Con(φ∗(η)) = φ−1(Con(η)) = (x = 0),
which proves the assertion. From now on we will assume that Con(η) = (x = 0).
Let us assume that η depends on r variables y, where 1 ≤ r ≤ k − 2. Given
yo ∈ (Cr, 0) let ηyo be as before:
ηyo = η|(y=yo) =
∑
#α=q
Aα(x, yo) dx
α .
We can consider dηyo as a (q + 1)-form on (C
q+2, 0). In particular, there exists a
holomorphic vector field
(3.3) X =
q+2∑
j=1
Xj(x, yo)
∂
∂xj
such that dηyo = iX νo, where νo = dx1 ∧ ... ∧ dxq+2. We consider X as a germ
of vector field on (Cn, 0). Since dη is integrable, the fact that iX dηy = 0 for all
y ∈ (Cr, 0) implies that iX dη = 0. The integrability of η implies that iXη = 0.
Remark 3.14. Note that Sing(X) = Con(η) = (x = 0).
From now on, we will write y = (y˜, yr), where y˜ = (y1, ..., yr−1). Given y˜o =
(y1 o, ..., yr−1 o) ∈ (Cr−1, 0) fixed, set Σy˜o = {(x, y˜, yr) | y˜ = y˜o} and ηy˜ := η|Σy˜ , so
that dηy˜ = dη|Σy˜ . It follows from the above notations that there exists a germ of
q-form θ, of the type
θ =
∑
#α=q
Cα(x, y) dx
α
such that
dηy˜ = iX νo + θ ∧ dyr .
From iX dη = 0 we obtain iX dηy˜ = 0, for all y˜ ∈ (C
r−1, 0). In particular,
iXdηy˜ = iX(θ ∧ dyr) = iXθ ∧ dyr = 0 =⇒ iXθ = 0 .
Now, we use de Rham’s division theorem in the parametric form, considering θ and
X depending of the parameter y ∈ (Cr, 0). Since Sing(X) = (x = 0), for y ∈ (Cr, 0)
fixed then X has an isolated singularity at 0 ∈ Cq+2. De Rham’s theorem implies
that there exists a q + 1 form µ such that θ = iXµ, where
µ =
∑
#α=q+1
Dα(x, y) dx
α .
Hence, we can write
dηy˜ = iX(νo + µ ∧ dyr) .
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The reader can verify that the (q + 2)-form νo + µ ∧ dyr can be written as
νo + µ ∧ dyr = iY (dyr ∧ dx1 ∧ ... ∧ dxq+2) ,
where Y is as in (3.2). On the other hand, iY (νo + θ ∧ dyr) = 0 implies that
iY (dηy˜) = 0 for all y˜ ∈ (C
r−1, 0). Since η and dη are integrable, this implies that
iY dη = 0 and iY η = 0, which proves claim 3.13 and lemma 3.11. 
4. Foliations that can be characterized by their singular set
In [4], the authors, have proved that a foliation F on Pn, n ≥ 3 whose Kupka set
K(F) contains a codimension two smooth irreducible component, say Λ, which is a
complete intersection, has a rational first integral. Moreover, in this case, K(F) =
Λ. An analogous result for a particular class of pull-back foliations, was stated in
[6, Theorem B, p.709]. Its worth point out that in [1], the authors generalized the
results of [4] for foliations on Pn in any codimension. In particular they also obtained
the same result contained in [4] for two dimensional foliations. Using Lemma 3.6 a
similar result to [6, Theorem B, p.709] can be stated for two dimensional foliations
F on Pn, which are pull-back of foliations on Pn−1.
Recall from Definition 2.2 the concept of a generic map.
Let f ∈ RM (n, n− 1, ν) be a generic map, I(f) its indeterminacy locus and F
a two dimensional foliation on Pn, n ≥ 3. Consider the following properties:
P1 : The foliation F has a two dimensional conic NGK singularity
of the type (1, . . . , 1, d − 1) at any point of I(f). We assume
also that at some point p ∈ I(f) the normal type is a foliation
G ∈ Mg(d), where d ≥ 2. In particular, the Zariski closure of any
leaf of G is all Pn−1.
P2 : There exists a fibre f−1(q) = V (q) such that V (q) =
f−1(q)\I(f) is contained in the Kupka-Set of F .
P3 : V (q) has transversal type Y , where Y is a germ of vector
field on (Cn−1, 0) of a hyperbolic singularity.
Lemma 3.6 allows us to prove the following result:
Theorem B. In the conditions above, if properties P1, P2, and P3 hold then F is
a pull back foliation, F = f∗(G), where G is the foliation of P2.
The idea of the proof is to consider the foliation F˜ = f∗(G) and use the argument
of lemma 3.6 to prove that F˜ = F .
An analogous result can be proved in the case of foliations of dimension greater
than two. Let f ∈ RM(n,m, ν) be generic, where n ≥ m + 2. In this case,
its indeterminacy locus I(f) is a smooth irreducible algebraic set of dimension
n−m−1 ≥ 1. Let F be a dimension k = n−m+1 ≥ 3 foliation with the following
properties:
P˜1 : The set of conic points of F , Con(F), contains I(f). More-
over, the normal type of F along I(f) is NGK.
In this case, lemma 3.11 implies that the normal type is constant along I(f) (see
remark 3.12). Call this normal type G. Since f : Pn− → Pm, G is a foliation on Pm.
P˜2 : The normal type G is generic in the sense of § 2.1: G ∈Mg(d),
d ≥ 2.
20 W. COSTA E SILVA AND A. LINS NETO
P˜3 : There exists a fibre f−1(q) = V (q) such that V (q) =
f−1(q)\I(f) is contained in the Kupka-Set of F .
P˜4 : V (q) has transversal type Y , where Y is a germ of vector
field on (Cm, 0) of a hyperbolic singularity.
With the same arguments of § 3.4 it is possible to prove the following:
Theorem C. In the above conditions, if properties P˜1, P˜2, P˜3 and P˜4 hold then
F is a pull back foliation, F = f∗(G).
Motivated by theorems A, B and C, we would like to state the following problems:
Problem 1. Is there a generalization of theorem A in the case of pull-backs by
branched maps (not generic) like in [7]?
Problem 2. Let F be a k-dimensional foliation on Pn, where 2 ≤ k < n. Assume
that F has a conic NGK singularity. Is it true that F is a pull-back foliation?
In fact, we don’t know any example of foliation of dimension ≥ 2 having a conic
singularity which is not a pull-back. Another problem, motivated by problem 2, is
the following:
Problem 3. Is there a holomorphic foliation of dimension ≥ 2, on a complex
connected manifold, having two or more conic NGK singularities of different normal
types?
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